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Abstract- The paper presents two approaches-RSM (response 

surface meta-model) and the niche pool technique with adaptive radii 
applied to the covariance matrix adaptation evolutionary strategy 
(CMA-ES) to locate all global and local optima on a real-valued 
multi-model landscape. RSM is used to estimate the covariance 
matrix for CMA-ES, while it is also very helpful for determining the 
location of optima. The niche pool is used to store the potential up-to-
date global or local optima found. Each individual in the niche pool is 
a 5-tuple elements that contains the information of a potential global 
or local optimal solution. The activity intensity parameter and niche 
radius play an important role in the newly proposed CMA-ES-MA 
(Covariance Matrix Adaptation Evolutionary Strategy with Meta-
model and Adaptive niche pool) algorithm. The former is used to 
determine which niche should be explored when CMA-ES falls into 
stagnation. The niche radius is the function of covariance matrix and 
step length, and it is the estimation of the landscape shape 
corresponding to the location of the niche. Two kinds of experiments 
are performed: the first one is to verify the performance of locating 
all the optima; the second one is to compare our approach with 
CMA-ES based on the real-Parameter Black-Box Optimization 
Benchmarking software. The experiment results show that this 
approach can effectively find and are reserve the local and global 
optima, and the performance of our approach is better than the 
traditional CMA-ES. 

 
Index Terms—Evolution Strategies, Niche Pool, Response Surface 

Meta-model, Black-box optimization, Covariance Matrix Adaptation, 
Adaptive Niche Radius. 

 
1. INTRODUCTION 

 
Evolutionary algorithms (EAs), inspired by evolution of 

species in nature and mimicking the biological cycle of life 
and death, are ones for solving complex optimization 
problems. Their main types are Genetic Algorithms (GAs) 
developed by Holland [20], Evolution Strategies (ES), by 
Rechenberg and  Schwefel [28], and Evolutionary 
Programming (EP), by Fogel [13]. In this paper, we focus 
on the second type, i.e., ES. ES is a stochastic search 
algorithm that addresses the following search problem: 
Minimize (or Maximize) a non-linear and non-convex 
objective function, which is a mapping from search space 
S∈R n into R for some n>1. Search steps are taken by 
stochastic variation, so-called mutation, of (recombination 
of) points found so far. The best out of a number of new 
search points are selected to continue. The mutation is 

usually carried out by adding a realization of a normally 
distributed random vector. It is easy to imagine that the 
parameters of the normal distribution play an essential role 
in the performance of the search algorithm. 

ES for real-valued optimization usually rely on 
Gaussian random variations and the mutative step size 
controls. The Covariance Matrix Adaptation Evolution 
Strategy (CMA-ES), proposed by Hansen, et al. [19] and 
further developed in [18], [26], is the most widely used one. 
It is well known that proper design of a recombination 
operator (i.e., determine the mean value of the search 
distribution) and mutative step during the iteration can 
drastically improve the search performance. In general, the 
recombination takes a weighted sum of μ individuals, and 
the ranking top individuals make the greatest contribution 
to the recombination operator. 

Despite its successful application in practice, CMA-ES 
has two key issues to be addressed. First, the selection 
mechanism drives the population toward a uniform 
distribution of mutants of the highly fit individual, which is 
the genetic drift. As showed in Figures 1 and 2, practical 
optimization problems are multi-modal functions.  As a 
result, population diversity is progressively lost over the 
course of generations. This is an undesirable effect for 
many applications, however, which leads to multi-modal 
domains requiring the identification of multiple optima, 
either global or local. In order to account for the genetic 
drift and improve the population diversity, there have been 
many attempts, such as multiple population [27], [31],  
niching [29] and clustering [1], to improve the population 
diversity. Second, the objectives of covariance matrix 
adaptation is to approximate the inverse Hessian matrix of 
the function shape near the sampling mean, but are the 
methods proposed by Hansen correct in theory? Its 
rigorous proof is missing [15]. In this paper, these two key 
issues are studied. To handle the first, the method of 
adaptive niche radius is adopted to avoid diversity loss and 
maintain a group of promising candidate solutions. As for 
the second issue, the response surface meta-model is 
proposed to estimate the covariance matrix. 

Niching approaches, based on an analogy with the niche 
concept from biology, regard the peaks, or local optima, of 
a multi-modal objective function as niches. Among them, 
fitness sharing and implicit fitness sharing are the best 
known [8], [29]. The goal of the former is to spread out the 
population over the peaks depending on their relative 
heights. Several niching sharing techniques adopt the fixed 
niche radius. Setting the value for the niche radius requires 
knowledge about the width and position of peaks in the 
fitness landscape, and knowledge about the number of 
peaks. This is the so-called niche radius problem. To 
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overcome the drawback, adaptive niche radius has been 
proposed. Deb and Goldberg [5] propose a criterion for 
estimating the niche radius. Cioppa and Stefano [8] study 
the method for estimating the optimal values for the 
population size and niche radius without a priori 
information. Shir and Emmerich [29] propose the method 
to couple the niche radius with the covariance matrix 
adaptation evolution strategy. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
In addition to Niching sharing, other approaches, such as 

clustering algorithms [14], crowding technique [7], and 
species formation [6], aim for diversity maintenance in 
multi-model optimization. Yao and Kharma [32] 
summarize the major categories of GAs for dealing with 
multi-modal optimization: sequential and parallel GAs. 
These methods employ either the crowing factor or niche 
sharing to maintain the diversity of the population. In [32], 
the sub-populations, also called clusters, are manipulated 
via three major clustering operations: migration, splitting, 
and merging. 

In this paper we propose a mixed method to enhance the 
capabilities of CMA-ES for real-value multi-modal 
function optimization. Our studies introduce a new method 
for aided guidance search based on Meta-Model and 
adaptive niche for CMA-ES. Two new approaches are 
presented. First, a new concept, so-called niche pool in 
which the points (or individuals) maybe the local or global 
optima are stored, is proposed. Unlike the niche sharing, 
the niche pool only stores the promising solutions without 
modifying the function value. There are two key strategy 
parameters, i.e., asymmetric niche radius and activity 
intensity parameter, with each individual in the niche pool. 
Second, in CMA-ES search process, information is 
gathered to construct the response surface meta-model, and 
used to determine the covariance matrix of the distribution 
and possible location of the optimal solution.  In order to 

estimate the covariance matrix and reduce the 
computational complexity, a stepwise regression algorithm 
is introduced. Our method does not require any a priori 
knowledge on the fitness landscape and is independent of 
CMA-ES actually used to search the solution space. The 
performance of the method has been evaluated on a set of 
standard functions and the BBOB noiseless function test-
bed [16], [17] and [11], where BBOB stands for Black-Box 
Optimization Benchmarking. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

This paper is organized as follows. Section 2 addresses 
the covariance matrix adaptation evolution strategy for 
noiseless function optimization. In Section 3, a new 
dynamic method to calculate the niche radius is introduced, 
and as a supplementary mechanism, the niche pool is 
introduced into the CMA evolution strategy. Section 4 and 
5 construct a covariance matrix by the response surface 
meta-model. Section 6 presents the experimental procedure, 
parameters setting and the experimental results.  The paper 
concludes with a summary and outlook in Section 7. 

 
2. COVARIANCE MATRIX ADAPTATION 

EVOLUTION STRATEGY 
 
CMA-ES is based on the ranking of solutions and tends 

to work well for the adaptation of a global step size. 
Several excellent characteristics (such as non-elitist 
strategies and small population sizes) make it robust in a 
noisy environment. Its brief description is given next. 

In the (λ, μ)-CMA-ES, a population of new search 
points is generated by sampling a multivariate normal 
distribution. The basic equation for sampling the search 
points, for generation number g = 0, 1, 2… is 

         ( 1) ( ) ( ) ( ) , 1, ,g g g g
k k kσ λ+ = + =x m y             

(1) 
where 

 

 
 
Fig. 1. The Shekel function in a 2D decision space. There are 
multiple local optima around the global optimum. The niche 
length of each local optimum is different to each other in 
different direction. 

 
Fig. 2.  The Vincent function in a 2D decision space: a sine 
function with a decreasing frequency. The niche length of each 
local optimum is different from each other in different directions. 
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( ) ( )~ N( , )g g
ky 0 C  denotes a realization of a normally 

distributed random vector with zero mean and covariance 
C . 

( )gm stands for the recombination operator and is 
usually the mean value of the search distribution at 
generation g. 

( )gσ is the step size at generation g, and λ  is the 
population size. 

The solution ( 1)g
k
+x  is evaluated on an objective 

function and ranked as ( )
:
g

i λx , 1, ,k λ=  , where :i λ  
stands the order of i-th best solution vector. The 
recombination operator is 
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Where ( 1)g nRσ
+ ∈p is the so-called "conjugate" 

evolution path. cσ  determines the backward time horizon 

of the evolution path ( 1)g nRσ
+ ∈p . dσ  is a damping 

parameter. 
1
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∑  is the variance effective 

selection mass. 
The covariance matrix admits a rank-one and rank-μ 

update and write as 
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where covc  is a parameter and ( ) ( )
: : /( )g g

i i mλ λ σ= −y x  
is the sampling incremental value. 

The detailed description of CMA-ES is in [18]. 
 

3. NICHE POOL WITH ADAPTIVE NICHE RADII 
 
The basic idea of a niche pool, denoted as an np-set, 

which aims to dynamically recognize the peaks of the 
search space is to store the potential local or global optimal 
solutions gathered through the iteration process of CMA-
ES. There are two parameters for each individual in it, 

asymmetric niche radius 
nR∈r  and activity intensity 

parameter a I∈ . The radius r  is different for each 
individual, unlike the circle radius in the niche sharing. 
The parameter a  stands for the number of searching times 
in each niche. Larger a  means more thorough search. A 
niche in the niche pool is a five tuple, i.e., 

( ), , , ,c c c c cc aσ= m r C                 (7) 

where 
n

c R∈m is the center of the c-th niche , which changes 
dynamically in an iteration process. 

n
c R∈r is the individual niche radius, which is the 

function of covariance matrix cC . 

ca is the activity intensity parameter. 

cC is the covariance matrix near cm , and cσ is the step 

size of CMA-ES near cm . 

Given lower and upper bounds ,minkx  and ,maxkx  of 

each coordinate in a decision parameters space, we restrict 
the range of cr  as follows 

≤ ≤min max
cr r r                                              (8) 

where 
>minr 0 is the minimum niche radius with its default 

value of k-th coordinate being set to
,max ,min1/ 200 ( )k kx x× − . 

≥ >max minr r 0 is the maximum niche radius with its 
default value of k-th coordinate being set 
to

,max ,min1/ 2 ( )k kx x× − . 

Once the c-th niche is formed, its radius cr  is calculated 
as  

( ) ( ) ( )| |g g g
c ncσ σ=r B z                        (9) 
( ) ( ) ( ) ( )g g g g T=C B D B                          (10) 

Where 
( )gC  (shown in equation (6)) is the covariance matrix at 

generation g, 
( )gB is an orthogonal matrix, ( ) ( ) ( ) ( )g g T g T g= =B B B B I , 

and columns of ( )gB  form an orthogonal basis of 
eigenvectors, 

( )gD is a diagonal matrix with eigenvalues of ( )gC  as 
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its diagonal elements, 
( )g nR∈z is a vector with eigenvalues as its elements, 
( )g Rσ +∈ is the step size at generation g, and  

nc Rσ +∈ is  the control parameter of the nice radius. 

From (9), we can see that cr  of the c-th niche is the 
function of the covariance matrix and step size. The 
covariance matrix is the shape estimated in the landscape, 
and it is worthwhile to use it for a better spatial 
classification mechanism within the niching framework. 
Each eigenvalue is mapped to the length of niche radius in 
the direction of the corresponding eigenvector. The 
geometric interpretation is shown in Figure 3. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

ca is the activity intensity parameter recording the 
number of search times in the c-th niche by CMA-ES. 
When the c-th niche is initially formed, ca  is set 0. Then, 
once the c-th niche is selected for further exploration by 
CMA-ES, ca  increases by one in each iteration. The 

condition of selecting a new niche is that mean ( )gm  does 
not change for five successive times. The winner niche is 
the one with the smallest ca . 

The niche algorithm in this paper is very similar to the 
dynamic niche sharing method proposed in [23]. Our 
method aims to dynamically recognize the peaks of the 
forming niches. The identification of peaks in the dynamic 
niches can be done via a greedy approach, as shown in 
Algorithms 1 and 2. 

Algorithm 1 Identification of Peaks in Dynamic 
Niches(IPD) 

Input: 

Offsprings Pop, Current step size ( )gσ ; 

Covariance matrix ( )gC ; 
Eigenvector ( )gB of the current covariance matrix; 
Vector ( )gz  composed of the eigenvalues of the 
current covariance matrix; 

The set of a niche pool, np-set(g), at generation g; 
Output: 

The new set of a niche pool, np-set(g+1) ,at the 
generation g+1; 

1: for i=1; i<||Pop||; i++ do 
2:     set the N=Ф; 
3:     construct a new niche c, set mc=Popi, rc is the value 

calculated in (9), ac=0, Cc=C(g), σc=σ(g); 
4:    for j=1; j<||np-set||; j++  do 
5:        if the i-th offspring belongs to the j-th niche then 
6:            N=N∪j-th niche; 
7:        end if  
8:    end for 
9:    if ||N|| >1 then  
10:        mergeNiche(N,c); 
11:  end if  
12:  if  ||N|| =1 then 
13:        mergeNiche(N,c); 
14:  end if 
15:  if  ||N|| =0 then 
16:        np-set=nep-set∪c; 
17:  end if 
18:  end for 
 
 

Algorithm 2 Delete and Replace Peaks in niche pool 
Input: 

Subset N ⊆ np-set; 
New niche c; 
Set of a niche pool, np-set(g), at generation g; 

Output: 
The new set of a niche pool, np-set(g+1) ,at the 
generation g+1; 

1: find the niche with the minimum objective function 
in N and c, denoted as b; 

2:  set the activity intensity parameter of b is all the sum 
of activity intensity parameter in N∪b; 

3:  np-set(g+1) = (np-set(g) — N) ∪b. 
 
 

4. ESTIMATE COVARIANCE MATRIX BY RESPONSE 
SURFACE META-MODEL 

 
4.1  Response Surface Meta-model (RSM) 

In the field of simulation optimization meta-models, so 
called models of model, are often constructed to 
approximate the "true" system models. Compared with 
running the simulation models, the meta-models are 

 

 
Fig.3. Ellipsoid depicting one line of equal density of 
distribution at generation g with the covariance matrix 

( )gC . The two lines with arrows stand for the two 
eigenvalues of ( )gC . 
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inexpensive. In this paper the meta-model is used to 
approximatively estimate the function shape of the 
objective function [3], [2], [21] and [10]. 

The major issues in meta-modeling include: (1) the 
choice of a functional form, (2) fitting or adapting the 
parameter in the non-interpolating case, and (3) the 
assessment of the adequacy of a meta-model. There are 
many different choices for parametric families, i.e., 
polynomials and sine functions. The most promising meta-
models include: response surface, regression spline, spatial 
correlation (kriging), radial basis function and neural 
network meta-models. In this paper we choose the 
response surface one to estimate the covariance matrix and 
the approximate optimal solution for CMA-ES. 

Response surface methodology has its origins in the 
work [4]. It is widely used in many practical applications; 
it sequentially explores subregions of the experimental 
region to find a new subregion that is closer to the 
optimum. In this paper, the second-order multiple model is 
adopted with the form of RSM 

( ) 0
1 1

n n n

j j ik i k
j i k i

y x x xβ β β ε
= = =

= + + +∑ ∑∑x        (11) 

where 

( )2~ . . 0,i i d Nε δ . 

x is the input vector and y is the output responding to 
the input vector. 

0 1, , , nβ β β… and 1,1 1,2 ,, , , n nβ β β… are the unknown 

coefficients be estimated. 
The unknown coefficients of RSM can be estimated by 

the least square estimation (LSE) and maximum likelihood 
estimation (MLE). As the iteration of the CMA-ES 
progresses, the data are continuously generated. So in this 
paper, the recursive least square scheme with multiple 
forgetting is adopted. Once the multiple regression meta-
model is constructed, we can find where the minimum may 
be and what the covariance matrix is. The covariance 
matrix is denoted as 

11 12 1

21 22 2

2 2

/ 2 / 2
/ 2 / 2

/ 2 / 2

n

n

n n nn

β β β
β β β

β β β

 
 
 =
 
 
 

H





   



        (12) 

The optima is denoted  

11
2

−= −x H b                                            (13) 

where 

( ), , ,β β β= T
1 2 nb  . 

4.2  Recursive Least Square Estimation 
For convenience,  (11) is rewritten as 

( ) ( ) ( )1 1 2 2 p py f f fθ θ θ= + + +x x x        (14) 

or in a vector form 
Ty = fθ                                                               (15) 

where, ( ) ( ) ( )1 2( , , , )pf f fx x x

corresponds to 

1(1, , , ,nx x…  1 1, , )n nx x x x… , 
1 2( , , , )pθ θ θ… corresponds to 

0 1 11( , , , , , , )n nnβ β β β β… … , and 

1 ( 1) / 2p n n n= + + +  
When CMA-ES runs iteration-to-iteration, data 

{( , )}, , , ,= …i ix y i 1 2 m  are gathered to construct a 
training data set. The data are substituted into (15), leading 
to the following n-dimensional linear equations: 

1 1 1 2 1 2 1 1

1 2 1 2 2 2 2 2

1 1 2 2
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   (16) 

or in a vector form 
=Aθy                                                                (17) 

The least square problem involves minimizing the 
following cost function: 

( )2

1

1
2

m
T

i i
i

J θ
=

= −∑ y f                                        (18) 

If TA A  is a non-singular matrix, (18) has a unique 
minimal solution 



( ) 1Tθ
−

= A A AY                                             (19) 

Because CMA-ES generates only λ offsprings in each 
iteration, when λ<p, it is not enough to estimate the 
parameters of the RSM meta-model, the recursive least 
square estimation with a forgetting factor is employed. 
That is, when new λ offsprings are generated, the new 
parameters of RSM can be calculated is 

1
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or 

( ) ( )1

1
T T T T

gθ η η
−

+ = + +A A a a A Y a y            (21) 

where 
×∈ m pA R is the old design matrix, and 

λ×∈ pa R is the new design matrix based on the new λ 
offsprings, and η is the forgetting factor. 

Older data is gradually discarded in favor of the more 
recent information. The scheme in (21) is known as least-
square with exponential forgetting and θ  can be calculated 
recursively as follows 

Let 

( ) 1T
g

−
=P A A                                                  (22) 

( ) 1

1
T T

g η
−

+ = +P A A a a                               (23) 

Then 
T

g gθ = P A Y                                                   (24) 
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  (26) 

4.3  The RSM algorithm 
The pseudo code for RSM is presented as Algorithm 3. 
 
Algorithm 3 Response Surface Meta-model (RSM) 
Input: 

Previously collected data set, RSMSet, is gathered as 
the iteration of CMA-ES; 
The set of niche pool, np-set (g), at generation g; 
λ offsprings generated by CMA-ES at the current 
iteration; 
The sampling mean m of CMA-ES at the current 
iteration; 
Current  Pg and θg; 

Output: 
The covariance matrix C and the sampling mean m; 
Pg+1 and θg+1; 

1: Calculate Pg+1 using the  λ offsprings; 
2: Calculateθg+1; 
3: Construct the covariance matrix C*; 
4: if the covariance matrix C is positive then 
5:     Calculate the optima x* using(13); 
6:     if the function value of x* is better than that of m  

then 
7:         C = C*; 
8:         m = x*; 
9:         construct a new niche nx*; 
10:       np-set (g+1) = np-set (g) ∪nx*; 
11:    end if 
12: end if 
 
 

5.      CMA-ES WITH THE META-MODEL AND 
ADAPTIVE NICHE POOL 

The pseudo code for CMA-ES with Meta-model and 
adaptive Niche pool (CMA-ES-MN) is presented as 
Algorithm 4 

 
Algorithm 4 CMA-ES with the meta-model and adaptive 

niche pool 
Input: 

NULL 
Output: 

The set of niche pool, np-set; 
1: initialize; 
2: while the terminal condition does not meet do 
3:     Generate λ offsprings; 
4:     Evaluate fitnesses of the population; 
5:     Update pc,pσ,σ and C; 
6:     Calculate and evaluate the mean m; 
7:     Call IPD; 
8:     Call RSM; 
9:     if  the current subregion is explored enough then 
10:       Select a peak with minimum ac in the np-set as a 

search point; 
11:    end if 
12:    The activity intensity parameter ac of the niche of 

the current search point increases by one; 
12: end while 
14: Output the np-set; 
 

 
6.      EXPERIMENTAL PROCEDURE 

6.1  Parameter Settings 
The algorithm is based on CMA-ES, and has two parts 

of parameters which determine its behavior: CMA-ES 
parameters and additional parameters for RSM and niche 
pool. The former are λ, μ, 1, ,µω … , cσ  , dσ  , cc  , covµ  

and covc , and their default strategy parameters values are 
given in [2] as shown in Table 1. The latter are given as 
follows: the k-th component of  rmin is set to 

,max ,min( ) / 200k kx x− , the k-th component of rmax is set 

to ,max ,min( ) / 2k kx x− ,   σnc is set to 0.4, and η=0.1. 

6.2  General Behavioral Analysis Of Landscapes 
The proposed CMA-ES-MN performs well on the 
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landscapes with a deceptive distribution of optima, and can 
successfully tackle the niche radius problem. We choose 
three functions to show its performance on the landscapes 
as shown in Figures 4, 5 and 6. In order to clearly see the 
formation of niches, we set the max size of niche set np-set 
to 9, 4 and 27, for function f1, f2 and f3, respectively. 
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The function f1 is a typical 1D multi-modal function 

with nine optima, and it has uneven distribution of optima 
of varied heights and shapes. Some typical execution 
results of our algorithm are depicted in Figure 4. 

 
 
 
 
 
 
 
 
 

From Figure 4 we can see the process of niche being 
formed. At the 1st generation, the niches are evenly 
distributed throughout the search space. With the increase 
in the number of iterations, the search locations move to 
the first, the second, third local optimum, and so on. At the 
100th generation, all the niches are found correctly. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The function f2 has three pairs of optima that are 

symmetric about the origin. There are four local minima 
and two local maxima. The typical results of our algorithm 
are depicted in Figure 5. It can be seen that some optimum 
regions are large and malformed. The process of niche 
formation can be observed in the first and second figures in 
the first row, and three niches are formed in the third figure 
in the first row. In the last figure in the second row, all four 
niches are found correctly. 

The function f3 originally has a very regular and 
symmetric structure for the placement of the optima. In the 

domain [ ]5,5 n− , it has one global, and roughly 10n  local 

optima surrounded around the global optima. There are 27 

local minima in the domain [ ]1,1 n− . The typical results of 

our algorithm are depicted in Figure 6. The process of 
niche formation can be seen. From left to right, top to 
bottom, the six figures show that as the number of 
generations increase, the niches found by our algorithm are 
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Fig.4. A snapshot gallery: the adaptation of the classification - 
ellipses in CMA-ES-MN with size of the niche set being set to nine 
for function f1. From left to right, top to bottom, the six figures are 
taken at the 1st, 10th, 20th, 30th, 50th and 100th generations, 
respectively. The arrow lines in the last figure stand for the niche 
radius. 

Table 1. The default parameters of CMA-ES 
Parameter Value 

λ 4+2 ln n 
μ  (λ-1)/2 
cσ (μeff+2)/(n+μeff+3) 

dσ 
1

1 2max 0, 1
1

eff c
n σ

µ −
+ − +  + 

 

cc 4/(4+n) 
μcov μeff 

 
 
 
 

 

 

 
Fig.5. A snapshot gallery: the adaptation of the classification - 
ellipses in CMA-ES-MN with size of the niche set being set to four 
for function f2. The radius r of each niche is used to draw an ellipse, 
which two axes respond to the two components of r. From left to 
right, top to bottom, the six figures are taken as indicated by the 
counter at the 1st, 10th, 20th, 30th, 50th and 100th generations, 
respectively. The ellipses of all the figures stand for the niche radii. 
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more and closer to the true niches. In the last figure in the 
second row, all niches are found correctly. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

6.3 Global and Local Minimum Analysis 
6.3.1 Modus Operandi and Test Functions 

In this section, our research focuses on the ability to 
identify global as well as local optima. We consider three 
niching approaches: CMA-ES-MN described in Algorithm 
4, CMA-ES with niche pool where each niche is set to a 
fixed niche radii (F-CMA-ES), and CMA-ES with 
response surface meta-model and niche pool where each 
niche is set to a fixed niche radii (F-CMA-ES-M). Each 
test case includes 30 runs per routine. For F-CMA-ES and 
F-CMA-ES-M, the niche radii are set based on some a 
priori knowledge of the landscape, and their values are 
shown in Table 2. 

 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
In this section, six multi-modal functions with different 

dimensionality (from 1 to 10) and their landscapes with 
evenly or unevenly distributed optima of equal or different 
heights and shapes are employed to test the algorithms. 
The test functions have already been used by other 
researchers in assessing the quality of their respective 
multi-modal optimization algorithms [29], [32], [9], [22] 
and [30]. The functions f1, f2 and f3 are already described in 
the previous section, the characteristic of the remaining 
three functions are described next. 
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For each function, all algorithms are run for the same 

number of fitness evaluations maxE . The value of maxE  for 
each function is: 
 510maxE =  for f1; 

 610maxE =  for f2; 

 510maxE =  for f3 with 3d and 10d; 

 610maxE =  for f4; 

 610maxE =  for f5; 

 610maxE =  for f6. 
    
The function f4 is a basic hyper-grid multi-modal 

function with uniformly distributed minima of equal 
function value of -1, and in the interval [0,1]n  it has 5n  
minima. The landscape of the function f5 is a sine function 
with evenly or unevenly distributed optima of equal or 
different heights and shapes and frequency, and in the 
interval [0.5,10]n  it has 5n  minima. Similar to f1, the 
function f6 has 10 irregular optima of different heights and 

Table 2. Fixed Niche Radii for F-CMA-ES-M and F-CMA-ES 
 

Function Dimensionality 
Number 

of 
Optima 

Niche radii 

f1 1 9 0.056 
f2 2 4 0.2887 
f3 3 4 0.21 
f3 10 11 0.224 
f4 3 100 0.2236 
f5 3 50 0.2956 
f6 2 10 0.2236 

 

 

 

 
Fig.6. A snapshot gallery: the adaptation of the classification-ellipses 

in the CMA-ES-MN with size of the niche set being set to four for 
function f3. The radius r of each niche is used to draw an ellipse, which 
two axes respond to the two components of r. From left to right, top to 
bottom, the six figures are taken as indicated by the counter at the 1st, 
10th, 20th, 30th, 50th and 100th generations, respectively. The ellipsoid 
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shapes. 
6.3.2  Performance Evaluation 

Many approaches have been proposed to evaluate the 
performance of algorithms for the multi-modal function 
optimization [29], [32], [9], [22] and [30]. The following 
measures from [29] and [32] are selected: 
 maximum peak ratio statistic: 

1

1

ˆ

ˆ

q
ii

q
ii

F
MPR

f
=

=

= ∑
∑

                             (33) 

where { }
1

ˆ q

i i
F

=
is the value of the real optima of the 

objective function, and { }
1

ˆ q

i i
f

=
 is the fitness values 

of the optima in the final population. In order to 
calculate the MPR, one should make sure that all the 
fitness values of the optima of the same function are 
positive. If not, fitness values should be scaled 
accordingly with an additive constant for the sake of 
this calculation. For a minimization case, the value of 
MPR is always lower than 1, and at the same time, the 
closer to 1, the better performance of algorithm. In 
this paper, MPRave, MPRmax and MPRmin stand for the 
average, maximum and minimum of MRP at the end 
of a run. If a niche is not the true niche, this niche 
should not considered, that is it should be excluded 

from{ }
1

ˆ q

i i
f

=
. 

 Percentage of successful runs: Suc. A successful 
run is that all the niches are found in this run. 

 The average/maximum/minimum number of 
optima found at the end of a run:Cave\Cmax\Cmin. 

 The standard deviation of number of clusters in all 
runs: Ocons. 

6.3.3  Results 
The measurements of CMA-ES-MN, F-CMA-ES-M and 

F-CMA-ES for functions f1, f2, f3, f4, f5 and f6 are shown in 
Tables 3, 4, 5, 6, 7, 8 and 9, respectively. 

From Table 3 we can see that the performance of these 
algorithms for function f1 can be ranked from best to worst 
as: CMA-ES-MN, F-CMA-ES-M and F-CMA-ES. The 
CMA-ES-MN can find all the niches successfully in all 
runs. 

From Table 4 we can see that the performance of these 
algorithms for function f2 can be ranked from best to worst 
as: CMA-ES-MN, F-CMA-ES-M and F-CMA-ES. The 
CMA-ES-MN can find all the niches successfully in all 
runs. We also can see that the number of niches founded by 
F-CMA-ES-M and F-CMA-ES is larger than the number 
of true niches.  The same conclusions can be drawn from 
Table 5 - 9. From them, we can observe that the response 
surface meta-mode usually improves the performance of 
algorithms, both for the fixed, as well as for the self 

adaptive niche radius approaches. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Table 3 Measurements for Function f1 

Measurements CMA-ES-MN F-CMA-
ES 

F-CMA-
ES-M 

MPRave 1 0.659 0.845 
MPRmax 1 1 1 
MPRmin 1 0.5477 0.722 

Suc. 100 76.7 83.3 
Cave 1 0.577 0.73 
Cmax 1 1 1 
Cmin 1 0.444 0.556 
Ocons 0 0.9551 0.4627 

 

Table 4 Measurements for Function f2 
Measurements CMA-ES-MN F-CMA-ES F-CMA-ES-M 

MPRave 1 0.659  
MPRmax 1 1  
MPRmin 1 0.632  

Suc. 100 86.7  
Cave 1 1.012  
Cmax 1 2  
Cmin 1 0.5  
Ocons 0 0.878  

 

Table 5 Measurements for Function f3, Dimension is 3 

Measurements CMA-ES-MN F-CMA-
ES 

F-CMA-
ES-M 

MPRave 0.68 0.42 0.49 
MPRmax 1 0.47 0.51 
MPRmin 0.55 0.34 0.45 

Suc. 70.7 46.7 60 
Cave 1.054 0.577 0.73 
Cmax 1.211 1.584 1.398 
Cmin 0.869 0.444 0.556 
Ocons 0.675 1.842 1.256 

 

Table 7 Measurements for Function f4 
Measurements CMA-ES-MN F-CMA-ES F-CMA-ES-M 

MPRave 1 0.874 0.936 
MPRmax 1 1 1 
MPRmin 1 0.812 0.001 

Suc. 100 76.7 90 
Cave 1.02 0.906 0.931 
Cmax 1.06 1.302 1.063 
Cmin 1 0.452 0.789 
Ocons 0.1876 1.142 1.805 

 

Table 6 Measurements for Function f3, Dimension is 10 

Measurements CMA-ES-MN F-CMA-
ES 

F-CMA-
ES-M 

MPRave 0.23 0.09 0.14 
MPRmax 1 0.21 0.30 
MPRmin 0.07 0 0 

Suc. 26.7 10 16.7 
Cave 1.054 0.577 0.73 
Cmax 1.089 2.254 2.018 
Cmin 0.978 0.563 0.667 
Ocons 1.237 2.023 1.865 
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6.4  Further Testing on Black-Box Optimization 
Benchmarking Template 
6.4.1  Test functions and Performance Evaluation 

In this section, we will further study the performance of 
our algorithm, and compare the capability of finding the 
global optima with the original CMA-ES proposed by 
Hansen. According to [16], we choose the benchmark 
functions given in [11], [17] for further testing the 
performance of algorithms with regard to typical 
difficulties in continuous domain search. There are total 24 
noiseless functions in the Black-Box Optimization 
Benchmarking 2010. All functions are defined and can be 
evaluated over nR , while the actual search domain is given 
as [ 5,5]n− . Most functions are shifted and rotated, and 
transformations of the search space are applied to derive 
non-separable functions from separable ones and to control 
the conditioning of the function. These functions and their 
variants can be found in references [12], [16] and [17]. 

The performance to compare two optimization 
algorithms is evaluated with respect to the following 
measures: 
 expected running time (ERT): It depends on a given 

target function value, t optf f f= + ∆ , and is 

computed over all relevant trials as the number of 
function evaluations executed during each trial while 
the best function value does not reach tf , sums over 
all trials and divided by the number of trials that 
actually reached tf [16], [25]. 

 Statistical significance: It is tested with the rank-sum 
test for a given target tf∆  (10-8 in Figure 11 using, 
for each trial, either the number of needed function 
evaluations to reach tf∆  (inverted and multiplied by -

1), or, if the target is not reached, the best f∆ -value 
achieved, measured only up to the smallest number of 
overall function evaluations for any unsuccessful trial 
under consideration. 

The real-parameter search algorithm under consideration 
is run on a test-bed of benchmark functions to be 
minimized. On each function and for each dimensionality 
15 trials are carried out. 

The standard experimental procedure of BBOB is 
adopted: the algorithm is run on 30 test functions, 5 
instances each, 3 runs on each instance. The terminal 
conditions of the two algorithms are set the same. Each run 
is finished 
 after finding a solution with fitness difference 

81 10f −∆ ≤ ×  when run one generation, or 
 after performing more than 1 × 104×DIM 

function evaluations. 
Each individual launch of the CMA-ES and CMA-ES 

with MR is interrupted (and the algorithm was restarted) 
 after finding a solution with fitness difference 

81 10f −∆ ≤ ×  when run one generation, or 
 after performing more than the allowed number of 

function evaluations, or 
 after the condition number of Covariance Matrix 

is exceeds 1× 107. 
6.4.2  Results and Analysis 

Results from experiments on the benchmark functions 
are presented in Figures 7 - 9 and Table 10. 

From Figures 7 - 9, we can see that for functions 1, 3, 4, 
5, 7, 9, 10, 15, 16, 17, 19, 20, 21, 22, 23 and 24, the 
performance of our algorithm is better than CMA-ES.  But 
for function 6, 8, 11, 12, 13 and 14 with 20 dimension, the 
performance of our algorithm is worse than CMA-ES. The 
RSM (response surface meta-model) in our algorithm takes 
significant effect for the quadratic functions and pseudo-
quadratic functions, such as 1, 5 and 12. The niche pool 
approach with adaptive radii is effect for the multi-model 
functions, such as 3, 4, 15, and 16. For the unimodal and 
highly symmetric functions in particular rotationally 
invariant, the response surface model in our algorithm can 
find the optima in only one construction. Take function 1 
as an example,  the average numbers of function 
evaluations of our algorithm over 15 time runs are 19, 24, 
36, 83 and 250, for the 2D, 3D, 5D, 10D and 20D, 
respectively, while the average numbers of function 
evaluations of CMA-ES are 340, 510, 821, 1504 and 2939. 

From the experiments we can see that the performance 
of our algorithm is improved than CMA-ES, while it is 
able to consistently retain those found optima. The implicit 
reason is discussed in detail below. 

CMA-ES is a stochastic method for real-parameter 
optimization of non-linear, non-convex functions. The 
covariance matrix adaptation in particular is designed to 

Table 8 Measurements for Function f5 
Measurements CMA-ES-MN F-CMA-ES F-CMA-ES-M 

MPRave 1 0.659 0.845 
MPRmax 1 1.212 1.208 
MPRmin 1 0.692 0.819 

Suc. 100 83.3 93.3 
Cave 1 0.976 0.985 
Cmax 1 1.128 1.096 
Cmin 1 0.799 0.874 
Ocons 0 1.212 0.937 

 

Table 9 Measurements for Function f6 
Measurements CMA-ES-MN F-CMA-ES F-CMA-ES-M 

MPRave 1 0.714 0.921 
MPRmax 1 1 1 
MPRmin 1 0.745 0.883 

Suc. 100 83.3 93.3 
Cave 1 1.106 1.008 
Cmax 1 1.245 1.288 
Cmin 1 0.876 0.924 
Ocons 0 0.855 0.765 
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tackle, additionally, ill-conditioned and non-separable 
problems. In CMA-ES, a population of new search points 
is generated by sampling a multivariate normal distribution, 
and the sampling mean of the next generation is 
determined by the rank top offsprings. Thus CMA-ES has 
the tendency to converge quickly into a single solution, 
meanwhile it loses the diversity in population. In order to 
overcome these shortcomings, independent restart 
mechanisms are finally considered as part of the algorithm 
under consideration in these experiments. Our algorithm is 
based on CMA-ES, but has two differences from CMA-ES. 
The first is that the response surface meta-model is 
introduced into CMA-ES to estimate the landscape shape 
of the current search point and give a advise of the location 
of the optima. This strategy will accelerate the 
convergence of CMA-ES, and it is verified by the 
experiments, such as for functions 1, 5 and 12. The second 
is that the niche pool stores the potential optimal solutions 
found by the algorithm in the search history. Unlike the 
restart mechanisms, the niche pool mechanism can give 
suitable advice which subspace should be searched when 
the algorithm falls into stagnation. The niche pool method 
is very effective for multi-modal function, and it is also 
verified by the experiments, such as 3, 4, 15, and 16. 
Therefore, the two improved approaches enhance the 
performance of CMA-ES. 

 
7. CONCLUSION 

This paper introduces a novel evolutionary algorithm 
called CMA-ES-MN, which combines the response surface 
meta-model and niche pool approach into the CMA-ES. Its 
purpose is to locate all global and local optima on multi-
modal landscapes, meanwhile, guide the search of CMA-
ES in the iteration processes.  The idea implied in the 
response surface meta-model is that the meta-model can 
give a good estimate of the covariance matrix for CMA-ES, 
while the niche pool approach can guide CMA-ES to 
search in the unknown but promising region in the search 
space, and can address the loss of diversity in CMA-ES. 
The radii of each element in the niche pool are related to 
the covariance matrix and current step size of CMA-ES, 
and is different from each other.  It makes that the niche 
radii can stand for the landscape shape of the respective 
local or global optima, and effectively tackles the so-called 
niche radius problem with less presumption on the search 
landscape. 

Two kinds of experiments are performed to test the 
performance of our algorithm. The first is to verify the 
ability of the algorithm to find the global and local optima 
for multi-modal function. Three algorithms, i.e., CMA-ES-
MN, F-CMA-ES and F-CMA-ES-M, are applied to 6 
multi-modal functions. For each function, each algorithm 
is run for 30 times. The results are then averaged to 
produce the final charted results. The performance of 
CMA-ES-MN is better than F-CMA-ES-M or F-CMA-ES, 

and the ranks from the best to worst are: CMA-ES-MN, F-
CMA-ES and F-CMA-ES-M. The same phenomenon can 
be observed for the other performance measurements. The 
number of niches found by CMA-ES-MN is very close to 
the true number of niches for all the 6 multi-model 
functions. But for the function $f _3$ with 10d, the 
performance of our approaches is little worse, and contrast 
to the other algorithm, such as the approach [29], our 
algorithm is still effective. The experiments also show that 
both the response surface meta-modal and the niche pool 
with adaptive niche radius introduced to the CMA-ES are 
effective. 

The second kind of experiments is to make comparison 
of the performance of our approach and the CMA-ES 
proposed by Hansen to find the global optima. The 
experiments are performed based on the Real-Parameter 
Black-Box Optimization Benchmarking Software [16]. The 
results show that the performance of our approach is better 
than CMA-ES for most functions of 24 functions. 

Regarding the implementation of response surface meta-
model, the proposed algorithm needs more computational 
time, but it does not increase the number of function 
evaluations. In contrast to the improved performance, 
additional computational cost is worth, and the approach 
shares the same computational complexity as CMA-ES. 

Finally, the following directions should be pursued; 
 For the response surface meta-model, the points for 

the fitting should be in a neighborhood in theory. But 
in our approach this condition does not meet. So 
some global fitting meta-models should be introduced 
to CMA-ES. 

  The niche radii to couple with the shape of landscape 
should be further explored. 
  A comparison study of our method to classical 

nicheing techniques, such as crowding and clearing 
[24] needs to be conducted. 
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Table 10. Expected running time (ERT in a number of function evaluations) divided by the best ERT measured during BBOB-2009 (given 
in the respective first row) for different Δf values for functions f1-f24.The median number of conducted function evaluations is additionally 
given in italics, if ERT(10-7)=∞. #succ is the number of trials that reachs the final target fopt +10-8.  0: dat is CMA-ES and 1: dat is CMA-ES-
MR .Bold entries are statistically significantly better compared with the other algorithms, with p=0.05 or p=10-k where k>1 is the number 
following the ★ symbol, with Bonferroni correction of 48. 
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Fig.7: ERT ratio of CMA-ES-MN divided by CMA-ES versus log10(Δf) for f1 - f24 in  2, 3, 5,10,20 and 40-D. Ratios <100 indicate an 
advantage of CMA-ES-MN, where smaller values are always better. The line is dashed when for any algorithm the ERT exceeds thrice the 
median of the trial-wise overall number of f-evaluations for the same algorithm on this function. Symbols indicate the best achieved Δf-value 
of one algorithm (ERT is undefined to the right). The dashed line continues as the fraction of successful trials of the other algorithm, where 0 
means 0% and the y-axis limits mean 100%, values below zero for CMA-ES-MN. The line ends when no algorithm reaches Δf anymore. The 
number of successful trials is given, only if it was in {1…9} for CMA-ES-MN (1st number) and non-zero for CMA-ES (2nd number). Results 
are significant with p=0.05 for one star and p=10-#star otherwise, with Bonferroni correction within each figure. 
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Fig.8: Expected running time (ERT in log10 of number of function evaluations) of CMA-ES-MN versus CMA-ES for 46 target values Δ
f  ∈[10-8, 10] in each dimension for functions  f1—f24. Markers on the upper or right edge indicate that the target value was never reached 
by CMA-ES-MR or CMA-ES respectively. Markers represent dimension: 2:+, 3: ▽, 5: ★, 10:°, 20:□, 40:◇. 
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Fig. 9: Empirical cumulative distributions (ECDF) of run lengths and speed-up ratios in 5-D (left) and 20-D (right). Left sub-columns: ECDF 
of the number of function evaluations divided by dimension D (FEvals/D) to reach a target value fopt + Δf with Δf = 10k, where k ∈ {1,− 1,
− 4,− 8} is given by the first value in the legend, for CMA-ES-MN (solid) and CMA-ES (dashed). Light beige lines show the ECDF of 
FEvals for target value Δf = 10-8 of algorithms benchmarked during BBOB-2009. Right sub-columns: ECDF of FEval ratios of CMA-ES-
MN divided by CMA-ES, all trial pairs for each function. Pairs where both trials fails are disregarded, pairs where one trial failed are visible 
in the limits being > 0 or < 1. The legends indicate the number of functions that are solved in at least one trial (CMA-ES-MN first). 
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